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1 Geometry of finite sets on a lattice

A = (A1, ..., Am), Ai is a finite set from Zn and 0 ∈ Ai;
c(A ) = #(sets in the tuple A );
⟨A ⟩ = min {L - affine sublattice of Zn | Ai ⊂ L}.

Definition 1. The mixed volume MV of a tuple A of finite sets in the lattice L is
defined as

MVL(A ) =
(−1)c(A )

c(A )!

∑
B⊆A

(−1)c(B)V olL (B) , (1)

where V olL (B) = V olL(
∑

B∈B
B). (Example of Minkowski sum: • • +

•
• =

• •
• • )

A tuple A of finite sets is irreducible if

∀B ⊂ A codim⟨A ⟩ ⟨B⟩+ c(B) < c(A ), (2)

A tuple A is called BK if dim ⟨A ⟩ = c(A ).

Theorem 1. Consider a reducible BK-tuple A in the lattice L with positive mixed
volume MVL(A ) > 0. Then the following holds:

1) irreducible subtuples of A don’t intersect;
2) π(A \B) is a BK-tuple with positive mixed volume, where B is an BK-subtuple

and π : L → L/⟨B⟩.

MVL(A ) = s(M ) ·MV
L/⟨M ⟩π(A \M ) ·

∏
B∈ir(A )

MV⟨B⟩(B), (3)

ir(A ) = {B ⊆ A | B is an irreducible BK-subtuple}, (4)
M = ⊔

B∈ir(A )
B. (5)

A0
q1−→ A1

q2−→ ...
qd−1−→ Ad−1

qd−→ Ad

∪ ∪ ∪ ∪
ir(A0) ir(A1) ... ir(Ad−1) ir(Ad)

A =
d
⊔
i=0

(
⊔

C⊂A :πi(C )∈ir(Ai)
C

)
MVL(A ) =

d∏
i=0

(
s(Mi)

∏
B⊂ir(Ai)

MV⟨B⟩B

)
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2 Discriminants

(C\0)A = {
∑
a∈A

cax
a | A ⊂ Zn, ca ∈ C\0}; (C\0)A = (C\0)A1 ⊕ ...⊕ (C\0)Am .

Definition 2. Let Φ = (φ1, ..., φm) ∈ (C\0)A , y ∈ (C\0)n. A point y is a singular point
of a system Φ if y is a common root of the equations {φj(y) = 0}j , and {dφj(y)}j∈1,m
are linearly dependent.

A -discriminant is the algebraic set DA in the space of polynomial systems (C\0)A ,

DA = {Φ ∈ (C\0)A | Φ has a singular point}. (6)

Proposition 1. Any element g of AGL(n,Z) define an isomorphism of the discriminants
for the given tuple A :

DA
∼= DgA . (7)

Φ

P (x, y) =
n∑

j=0
aj(x)y

j = 0, n > 0,

Pm(x) = 0.

(8)

Lemma 1. For systems of type 8, the discriminant DA is not a hypersurface in all
cases except for:

1) |suppPm| = 2, and n > 3;
2) |suppPm| > 2, and n = 2, |supp a0| = 1, or |supp a1| = 1.

Theorem 2. Dual defective tuples of two sets in Z2 are the pair of standard triangles
and those, described by Lemma 1.

3 Discriminants of BK-systems

Λ(A ) = {B ∈ irA | B is a linear BK-subtuple}, (9)
Λ1(A ) = {B ∈ Λ(A ) | c(B) = 1}. (10)

Proposition 2. The discriminant DA for linear systems with reducible support A

that has positive mixed volume is a collection of
d∑

i=0
(|Λ(Ai)| − |Λ1(Ai)|) components of

codimension 2. In other words,

DA =
d
∪
i=0

π−1
i (DMi

), (11)

where πi is a restriction map from (C\0)A to (C\0)Mi.

Proposition 3. For systems with semi-irreducible support A , the discriminant DA

is a collection of |irA | − |Λ(A )| hypersurfaces and |Λ(A )| − |Λ1(A )| components of
codimension 2,

DA = ∪
B∈irA

(
DB × (C\0)A \B

)
. (12)
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